ABSTRACT. We define a family of representations {ρn} n≥0 of a pure braid group P 2k . These representations are obtained from an action of P 2k on a certain type of A 2 web space with color n. The A 2 web space is a generalization of the Kauffman bracket skein module of a disk with marked points on its boundary. We also introduce a triangle-free basis of such an A 2 web space and calculate matrix representations of ρn about the standard generators of P 2k .
INTRODUCTION
The theory of quantum invariants has been developing from the discovery of the Jones polynomials of knots and links [Jon85] . The Jones polynomial was reformulated through the linear skein theory, the Kauffman bracket and the Kauffman bracket skein module, by Kauffman [Kau87] . The linear skein theory is used to define and calculate many quantum invariants and quantum representations. The quantum representation of mapping class groups of surfaces are introduced in [BHMV95] and [Rob94] . Especially, Roberts defined it by using the linear skein theory of 3-dimensional handlebodies [Lic93] and the recoupling theory, for example, see [KL94] . It is useful for computation of the quantum representation to translate skein elements into trivalent graphs with colored edges. The trivalent graph notation derives many useful formulae of the Kauffman bracket and makes it easy for us to calculate the quantum representations. Masbaum [Mas17] proved that the normal closure of powers of half-twists has infinite index in mapping class groups of punctured spheres by the quantum representation of braid groups. He used elementary skein theory whereas Stylianakis [Sty15] used the Jones representation [Jon87] .
In this paper, we introduce quantum representations of a pure braid group P 2k of 2k strands by using skein theory of the A 2 bracket and the A 2 web spaces introduced by Kuperberg [Kup96] . In the case of A 1 , the skein theory corresponds to the theory of the Kauffman bracket and the Kauffman bracket skein modules. Our quantum representations are obtained by action of P 2k on a clasped A 2 web space W 2k (n ± ) and as a family {ρ n } n≥0 colored by non-negative integers. Moreover, we define a special basis called triangle-free basis of W 2k (n ± ) by using trivalent graph notation of the A 2 webs. This basis is given with each choice of a colored triangle-free triangulation [AFR10] of a 2k-gon. For a certain colored triangle-free triangulation T 0 , we completely calculate the values of the matrix representation ρ T0 n on the standard generators of P 2k by using the A 2 skein theory. The paper is organized as follows. In Section 2, we introduce the A 2 web spaces and review known formulae of the A 2 bracket and new formulae used in the following sections. In Section 3, we consider a clasped A 2 web W 2k (n ± ) on which we will act P 2k . For each colored triangle-free triangulation of 2k-gon, we give an ordered basis and we call it the triangle-free basis of W 2k (n ± ). In Section 4, we define the quantum representation
). This representation has a natural matrix representation with respect to a triangle-free basis of W 2k (n ± . Finally, we compute the matrix representation ρ T0 n for a special colored triangle-free triangulation T 0 , but it enables to calculate matrix representations of every triangle-free basis. In this computation, we completely give a matrix of ρ T0 n (A i,j ) for any standard generator A i,j of P 2k .
THE A 2 WEB SPACE
We consider a unit disk D, a set of marked points P = { p 1 , p 2 , . . . , p k } on its boundary and a set of signs = { 1 , 2 , . . . , k }. The marked points are arranged cyclically p 1 < p 2 < · · · < p k < p 1 with respect to the orientation of ∂D and each p i labeled by i = + or −. Let us denote such triple (D, P, ) by D( 1 , . . . , k ) or D . A bipartite unitrivalent graph G is a directed graph such that every vertex is either trivalent or univalent and these vertices are divided into sinks or sources. A sink (resp. source) is a vertex such that all edges adjoining to the vertex point into (resp. away from) it. A bipartite trivalent graph G in D is an embedding of a uni-trivalent graph into D such that for any vertex v has the following neighborhoods:
An A 2 basis web is the boundary-fixing isotopy class of a bipartite trivalent graph G in D , where any internal face of D \ G has at least six sides. We denote the set of A 2 basis webs in D by B( 0 , . . . , m−1 ) or B . For example, B(+, −, +, −, +, −) has the following A 2 basis webs:
The A 2 web space W is the Q(q FIGURE 2.1. The Reidemeister moves for tangled trivalent graph diagrams
We can confirm that this map is well-defined, that is, the map is invariant under the Reidemeister moves.
We next consider a A 2 web space W (n 1 1 , n 2 2 , . . . , n l l ) whose marked point p such that p n1+n2+···+nj +1 ≤ p ≤ p n1+n2+···+nj+1 is decorated with j+1 for j = 0, 1, . . . , l − 1.
The index of p n1+n2+···+nj +1 is p 1 if j = 0. We define the A 2 clasp 
n−1 n−1 n−2
The A 2 clasps have the following properties.
Lemma 2.3 (Properties of A 2 clasps). For any positive integer n,
We also define the A 2 clasp in W (m + , n − , n + , m − ) according to Ohtsuki and Yamada [OY97] .
We remark that the
is also defined by the above recursive formula with opposite directed webs.
Lemma 2.5 (Property of A 2 clasps of type (m, n)). Definition 2.6 (A clasped A 2 web space). Let m j , n j be non-negative integers and j = j signs for j = 1, 2, . . . , k. We define a subspace W ((m In the following, we use trivalent graphs with white vertices to represent certain types of A 2 webs. This notation derives some important formulae and it is useful to calculate clasped A 2 web spaces.
Definition 2.7. Let n be a non-negative integer. For 0 ≤ i ≤ n, we define two types of trivalent vertices as follows. We use the following notations:
where m, n are any non-negative integers and 0 ≤ i, j ≤ n.
, where δ ij is the Kronecker delta function.
We can easily show the following by the same way as the previous lemma.
Lemma 2.10.
Theorem 2.11 (Recoupling Theorem for A 2 ). Let n be non-negative integer and 0 ≤ i, s, t ≤ n.
We call the coefficients quantum 6j symbols.
Proof. We prove this theorem in the same way as the proof of the Recoupling Theorem in [KL94, Chapter 7] . We can see that the clasped A 2 web space W ((i
is one-dimensional vector space spanned by 
Firstly, we set a dotted line from south to north for any A 2 web w in W ((n + , 0), (n − , 0), (n + , 0), (n − , 0)) and replace two A 2 clasps on it with the A 2 clasp of type (n, n) as follows:
The definition of the A 2 clasp of type (n, n) imply that w can be represented as a sum of A 2 webs such that the dotted line intersects with the webs at two clasps with color k < n. By repeating the replacement of clasps,
By taking a dotted line from west to east, we also obtain another basis
Therefore, the first recoupling formula is the change of basis from B to B . The value of a quantum 6j symbol n
is obtained by closing A 2 webs in the both sides using n n n n j0 3 and using Lemma 2.9.
Next, we prove the second formula. An argument about the Euler number of a polygon developed in [OY97] shows the clasped A 2 web space W ((i 0) ), we take a dotted line as the first proof and replace intersecting webs with clasp of type (i, j) for some i and j. However, the web vanish except in the case of (i, j) = (0, n). Thus, 0) ) is the one-dimensional vector space and we can take its basis as . Let us evaluate the 6j symbol
by closing A 2 webs in the both sides using n t n
3
. By Lemma 2.10,
We apply the first recoupling formula to the A 2 web in the right-hand side and Lemma 2.9. Thus, we obtain θ(n, n, (t, t))
∆(s, s) . Non triangle-free 
In this section, we construct a basis of a clasped A 2 web space W (n + , n − , . . . , n + , n − ) from a certain type of triangulations called triangle-free triangulations.
Let (D, Q k ) be a disk with marked points Q k = { q 0 , q 1 , . . . , q k−1 }. We call a part of the boundary of D between q i and q i+1 an edge of (D, Q k ). A triangulation of (D, Q k ) is a set of (k − 3) simple arcs ended at Q k such that these arcs are not isotopic to other arcs and edges of (D, Q k ). A chord is an arc in a triangulation and short chord a chord connecting q i−1 and q i+1 where 1 ≤ k ≤ k − 1 and q k = q 0 .
Definition 3.1 (Triangle-free triangulation [AFR10]). A triangulation of (D, Q k ) is trianglefree if any triple of chords does not make a triangle.
We remark that a triangulation of (D, Q k ) is triangle-free for k > 3 if and only if it contains only two short chords, see [AFR10, Claim 2.3]. A proper coloring of a trianglefree triangulation is a color of the chords with { 0, 1, . . . , k − 4 } labeled by the following rules:
(1) we choose one of the two short chords and label it by 0, (2) if a triangle contains two chords, then these chords are labeled by i and i + 1.
See, for example, Fig. 3.1 .
Let us take a colored triangle-free triangulation T of (D, Q 2k ). We take another set of marked points P = P
(1) ∪ P (2) ∪ . . . P (2k) where
The marked points are arranged as q 0 < p
< q 0 with respect to the cyclic order induced from the orientation of ∂D. We set the sign of marked points in P (i) is i = (−1) i+1 . Let us consider a clasped A 2 web space W ((n + , 0), (n − , 0), . . . , (n + , 0), (n − , 0)) of (D, P ) such that the webs adjacent to P
has an A 2 clasp of type (n i , 0). We denote the clasped A 2 web space by W 2k (n ± ) for simplicity. A triangle-free basis of W 2k (n ± ) with respect to T is Fig. 3.2 Theorem 3.3. B T is a basis of W 2k (n ± ) for any colored triangle-free triangulation T .
Proof. Fix a colored triangle-free triangulation T and take any A 2 web w. In a manner similar to the proof of Theorem 2.11, The A 2 webs intersecting the short chord with color 0 can be replaced by a sum of A 2 clasps. Then, w is represented as a sum of A 2 webs containing trivalent graphs in (2) of Definition 3.2. Next, we consider A 2 webs in the triangle containing chords with color 0 and 1. Then, these A 2 webs are replaced by trivalent graph in (1) of Definition 3.2. In such a way, we can represent w by a sum of triangle-free basis webs. Assume that 0≤ji≤n a j0,j1,...,j k−2 β T (j 0 , j 1 , . . . , j k−2 ) = 0. Let T * be the mirror image of the colored triangle-free triangulation T . For any clasped A 2 web w in W 2k (n ± ), w denote a clasped A 2 web in W 2k (n ∓ ) obtained by reversing the direction of w. It is easy to show that the pairing β T (j 0 , j 1 , . . . , j k−2 ) |β T * (s 0 , s 1 , . . . , s k−2 ) 3 is non-zero if and only if j i = s i for all i = 0, 1, . . . , k − 2. This pairing is a map obtained by connecting each endpoint of β T (j 0 , j 1 , . . . , j k−2 ) and the endpoint ofβ T * (s 0 , s 1 , . . . , s k−2 ) in its mirror point. We can prove by induction on k and using Lemma 2.9 and 2.10.
A REPRESENTATION OF THE PURE BRAID GROUP P 2k
In this section, we give a definition of representations ρ n of the pure braid group of 2k strands and compute it for all standard generators. 4.1. Definition of ρ n . Let T be a colored triangle-free triangulation of (D, Q 2k ) and B T the associated triangle-free basis of W 2k (n ± ). In this section, we take an orientation of ∂D in the clockwise direction for convenience. In fact, q 0 , q 1 , . . . , q 2k−1 and P (1) , P (2) , . . . , P (2k) are arranged clockwise. Moreover, we depict D square such that q 0 is in the bottom side and other points of Q 2k and P in the upper side, see below:
The braid group of m strands has a presentation [Art47]
The generator σ i represents the following braid diagram:
The composition of two braid diagrams ab is given by gluing b on the top of a. The pure braid group P m is the kernel of the map B m → S m where S m is the symmetric group. It is well-known that a generating set of P m is given by
and see [Bir74] for detail on the presentation. The braid diagram of the generator A i,j is the following:
Let us consider an action of the pure braid group P 2k of 2k strands on W 2k (n ± ). For any element in P 2k , we depict the braid diagram of it and replace each strand with nparallelized strands. The action is obtained by gluing this parallelized braid diagram on the top of (D, P ), see Fig. 4 .1 in the case of k = 3. Of course, the bottom and the top of each strand of any element in P 2k has the same index. Thus, the above operation preserves elements in W 2k (n ± ). We denote this action by ρ n : P 2k → GL(W 2k (n ± )). The triangle-free basis B T is naturally ordered by the lexicographic order of (j 0 , j 1 , . . . , j k−2 ). It derives the matrix representation of ρ T n : P 2k → GL (n+1) k−2 (C(q 1 6 )). For example, we can easily compute the matrix ρ T n (σ 2 1 ). Let T be a colored triangle-free triangulation of (D, Q 2k ) such that it has a short chord from q 0 to q 2 colored with 0. Then, ρ Consequently, we obtain ρ n (β T (j 0 , j 1 , . . . , j k−2 )) = q We can similarly prove the second equation.
Let us define a special colored triangulation T 0 of (D, Q 2k ) as in Fig. 4 .2. The shaded triangle contains the short chord colored by 0. In this case, we can compute ρ T0 n (A k−t,k+t ) and ρ T0 n (A k−t,k+t+1 ) for 1 ≤ t ≤ k − 1. We remark that ρ T0 n (A k,k+1 ) is already computed in the previous section. First, we calculate ρ
, that is, we consider the clasped A 2 web obtained by gluing A k−t,k+t on the top of β T0 . We can slide a subarc of the (k + t)-th strand knotted with the (k − t)-th strand downward. Then, the difference of the A 2 web and β T0 n only appears around the clasped A 2 web of type (j t , j t ) and one of type (j t−1 , j t−1 ). This part is calculated by using Lemma 4.1 and Lemma 4.3 as follows:
The above calculation is independent of the choice of orientations of n-colored A 2 webs.
Next, we calculate ρ T0 n (A k−t,k+t+1 ) in a similar way. In this case, we only have to calculate the following. 
× β T0 (j 0 , . . . , j t−1 , j t , j t+1 , . . . , j k−2 ) ρ n (A k−t,k+t−1 )(β T0 (j 0 , j 1 , . . . , j k−2 )) = q Finally, we define a certain deformation of colored triangle-free triangulation T 0 . Let s i be a left action on the colored triangle-free triangulations of (D, Q 2k ) which flips i-th chord for i = 0, 1, . . . , k − 2. It is easy to confirm that s m act on T 0 as a sequence of flips of triangle-free triangulations where s = s 2k . . . s 2 s 0 s 2k−1 . . . s 3 s 1 . Moreover, s m T 0 is a colored triangle-free triangulation obtained by shifting each chord q l q l to q l+m q l +m where the indices are modulo 2k. We denote it by T m = s m T 0 . A colored triangle-free triangulation determines a triangle-free basis of W 2k (n ± ). We take two colored trianglefree triangulation T and T such that T = s i T . Then, for i = 0, 1, . . . , k, β T (j 0 , j 1 , . . . , j k−2 ) = where t = (j − i)/2 and t = (i + j)/2 .
Proof. The action s m on T 0 shifts the chords of it m times clockwise. We denoted it by T m . A clasped A 2 web ρ n (A i,j )β T t −k (j 0 , j 1 , . . . , j k−2 ) coincides with ρ n (A k−t,k+t )β T0 (j 0 , j 1 , . . . , j k−2 )
